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Abstract. We define and study a numerical invariant of an algebraic 
group action which we call the canonical dimension. We then apply 
the resulting theory to the problem of computing the minimal number 
of parameters required to define a generic hypersurface of degree d in 
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1. Introduction 

Many important objects in algebra can be parametrized by a non-abelian 
cohomology set of the form H^{K, G), where K is a field and G is a linear 
algebraic group defined over K. For example, elements of H^{K, On) can be 
identified with isomorphism classes of n-dimensional quadratic forms over 
K, elements of H^{K,PGLn) with isomorphism classes of central simple 
algebras of degree n, elements of H^{K,G2) with isomorphism classes of 
octonion algebras, etc.; cf. ISe.sl or |KMETj . Recall that H^{K,G) has a 
marked (split) element but usually no group structure. Thus, a priori there 
are only two types of elements in H^(K, G), split and non-split. However, it 
is often intuitively clear that some non-split elements are closer to being split 
than others. This intuitive notion can be quantified by considering degrees 
or Galois groups of splitting field extensions L/K for a; see, e.g., [T], IRY2I . 
Another "measure" of how far a is from being split is its essential dimension 
(here and in the sequel we assume that K is a finitely generated extension of 
an algebraically closed base field of characteristic zero, and G is defined over 
k); for details and further references, see Section ITT] and the first paragraph 
of Section [TH 

In this paper we introduce and study yet another numerical invariant 
that "measures" how far a is from being split. We call this new invariant 
the canonical dimension and denote it by cd(a). We give several equivalent 
descriptions of cd(Q:); one of them is that cd(a) = min trdegj^(L), where 
the minimum is taken over all generic splitting fields L/K for a (see Sec- 
tion inj. Generic splitting fields have been the object of much research in 
the context of central simple algebras (i.e., for G = PGL„; see, e.g., 
|Arj , ffi oqi, |Roq 2') and quadratic forms (i.e., for G = 0„ or S0„; see, 



e.g., |Kni| , |Kn2| , |KS) ): related results for Jordan pairs can be found in [Pi 
Kersten and Rehmann |KE,j . who, following on the work of Knebusch, stud- 
ied generic splitting fields in a setting rather similar to ours (cf. E,emark l9.5)) . 
remarked, on p. 61, that the question of determining the minimal possible 
transcendence degree of a generic splitting field (or cd(a), in our language) 
appears to be difficult in general. Much of this paper may be viewed as an 
attempt to address this question from a geometric point of view. 

Recall that we are assuming k to be an algebraically closed base field 
of characteristic zero, and K/k to be a finitely generated field extension. 
In this context every a G H^{K,G) is represented by a (unique, up to 
birational isomorphism) generically free G-variety X, with k{X)'^ = K; 
see e.g., jPol (1.3.3)]. We will often work with X, rather than a, writing 
cd{X, G) instead of cd(a) and using the language of invariant theory, rather 
than Galois cohomology. An advantage of this approach is that cd{X, G) 
is well defined for G-varieties X that are not necessarily generically free 
(see Definition 13. 5|) . and the interplay between generically free and non- 
generically free varieties can sometimes be used to gain insight into their 
canonical dimensions; cf., e.g.. Lemma 16.11 If 5 is the stabilizer in general 
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position for a G-variety X, then cd{X, G) can be related to the essential 
dimension of S. This connection is explored in Sections EHSl 

In Sections 171 4131 we study canonical dimensions of generically free G- 
varieties or, equivalently, of classes a E H^{K,G). We will be particularly 
interested in the maximal possible value of cd(a) for a given group G; we 
call this number the canonical dimension of G and denote it by cd(G). 
The canonical dimension cd(G), like the essential dimension ed(G), is a 
numerical invariant of G; if G is connected, both measure, in different ways, 
how far G is from being "special" (for the definition and a brief discussion 
of special groups, see Section ITHl below) . While cd(G) and ed(G) share 
some common properties (note, in particular, the similarity between the 
results of Section [3 in this paper and those of ^ Sections 3.1, 3.2]), their 
numerical values do not appear to be related to each other. For example, 
since cd(G) = for every finite group G (see Lemma[73tb)), the rich theory 
of essential dimension for finite groups (see im, |BR^ , |JLYl Section 8]) has 
no counterpart in the setting of canonical dimension. On the other hand, 
our classification of simple groups of canonical dimension 1 in Section 
has no counterpart in the context of essential dimension, because connected 
groups of essential dimension 1 do not exist; see Corollary 5.7]. 

In Section|Hlwe prove a strong necessary condition for a G H^{K, G) to be 
of canonical dimension < 2. A key ingredient in our proof is the Enriques- 
Manin-Iskovskih classification of minimal models for rational surfaces; see 
the proof of Proposition 18.21 In Sections ^2 and we study canonical 
dimensions of the groups GL„ //u^, SL^ / fi^, SOn and Spin„. Our arguments 
there heavily rely on the recent results of Karpenko and Merkurjev |Ki| , 



Our definition of canonical dimension naturally extends to the setting 
of functors from the category of field extensions of k to the category of 
pointed sets; cd(G) is then a special case of cd{T), with = H^{-, G) (see 
Section [T(1|) . A similar notion in the context of essential dimension is due to 
Merkurjev |Mi| ; see also IBF2I and the beginning of Section ITU 

In the SectionsEl~El'we apply our results on canonical dimension to the 
problem of computing the minimal number ed [-ffn,d] of independent param- 
eters, required to define the general degree d hypersurface in P"~^. (For a 
precise statement of the problem, see Section IT^ ) We show that if d > 3 and 
(n, d) 7^ (2, 3), (2, 4) or (3, 3), our problem reduces to that of computing the 
canonical dimension of the group 'S^n / l^gcd{n,d)- particular, combining 
Theorem 115. II with Corollarv 111.51 we obtain following theorem. 

1.1. Theorem. Let n and d he positive integers such that d > 3 and (n, d) 7^ 
(2,3), (2,4) or (3, 3). Suppose gcd{n,d) is a prime power p' for some j > 0. 
Then 




where is the highest power of p dividing n. 
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If d < 2 or (n, d) = (2, 3), (2, 4), (3, 3), then our problem reduces to com- 
puting canonical dimensions for certain group actions that are not generi- 
cally free; this is done in Section ITgI Related results for (n,d) = (2,3) and 
(3, 3) can be found in |BFi| . 
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2. Notation and preliminaries 

Throughout this paper we will work over an algebraically closed base field 
k of characteristic zero. Unless otherwise specified, all algebraic varieties, 
algebraic groups, group actions, fields and all maps between them are as- 
sumed to be defined over k, all algebraic groups are assumed to be linear 
(but not necessarily connected), and all fields are assumed to be finitely 
generated over k. 

By a G-variety we shall mean an algebraic variety X with a (regular) 
action of an algebraic group G. We will usually assume that X is irre- 
ducible and focus on properties of X that are preserved by (G-equi variant) 
birational isomorphisms. In particular, we will call a subgroup S G G a 
stabilizer in general position for X if Stab(x) is conjugate to S for x G X 
in general position; cf. |PV| Section 7]. As usual, if S = {1}, i.e., G acts 
freely on a dense open subset of X, then we will say that the G- variety X 
(or equivalently, the G-action on X) is generically free. 

2.1. Essential dimension. Let X be a generically free G-variety. The 
essential dimension ed{X, G) of X is the minimal value of dim(y) — dim(G), 
where the minimum is taken over all dominant rational maps X Y of 
G-varieties with Y generically free. For a given algebraic group G, ed{X, G) 
attains its maximal value in the case where X = V is a (generically free) 
linear representation of G. This value is called the essential dimension of G 
and is denoted by ed(G) (it is independent of the choice of V). For details, 
see Section 3]. 

2.2. Rational quotients. A rational quotient for a G-variety X is an 
algebraic variety Y such that k{Y) = /c(X)^. The inclusion k{Y) k{X) 
then induces a rational quotient map vr: X Y. Note that Y and vr are 
only defined up to birational isomorphism; one usually writes X/G in place 
of Y. We shall say that G-orbits in X are separated by regular invariants if 
vr is a regular map and 7r~^(y) is a single G-orbit for every fc-point y ^ Y. By 
a theorem of Rosenlicht, X has a G-invariant dense open subset U, where 
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G-orbits are separated by regular invariants. For a detailed discussion of 
the rational quotient and Rosenlicht's theorem, see |PV| Section 2.4]. 

2.3. Generically free actions and Galois cohomology. Let X be a 

generically free variety. Then X may be viewed as a torsor over the generic 
point of X/G via the rational quotient map X X/G. Let a be the 
class of this torsor in H^{K,G), where K = k{X)^ . This class is explicitly 
constructed in |Po| (1.3.1)]. Moreover, every a e H^{K,G) can be obtained 
in this way, and the G-variety X can be uniquely reconstructed from a, up 
to a (G-equivariant) birational isomorphism; see jPo| (1.3.2) and (1.3.3)]. 
In the sequel we shall say that a E H^{K, G) represents the generically free 
G-variety X. 

2.4. Split generically free varieties. Let X be a generically free G- 
variety, where the G-orbits are separated by regular invariants. We will call 
a rational map s: X/G X a rational section for vr if s o vr = id on X/G. 
(Note that since the fibers of tt are precisely the G-orbits in X, G ■ s{X/G) is 
dense in X. Consequently, some translate of s will "survive" if X is replaced 
by a birationally equivalent G-variety.) We shall say that X is split if one 
of the following equivalent conditions holds: 

(i) X is birationally isomorphic to G x X/G, 

(ii) vr has a rational section, 

(iii) X represents the trivial class in H^{K, G), 

(iv) ed{X, G) = 0. 

For a proof of equivalence of these four conditions, see |Po| (1.4.1)] and ^ 
Lemma 5.2]. 

2.5. The groups GL^/^^ and SLn/^e- In this section we will re- 
view known results about the Galois cohomology sets H^{K,G), where 
G = GL„ / or SL^ //ig , fi^ is the unique central cyclic subgroup of GL„ of 
order d, and e divides n. 

2.6. Lemma. Let G = GL„//irf (respectively, G = SLn/fie), f- G — > 
PGL„ he the canonical projection, andK/k be afield extension. Then 

(a) The map : H^{K,G) H^{K,FGLn) has trivial kernel, 
(h) The image of consists of those classes which represent central simple 
algebras of degree n and exponent dividing d (respectively, dividing e). 

Lemma 12.61 can be deduced from |Sali| Theorem 3.2]; for the sake of 
completeness, we supply a direct proof below. 

Proof, (a) The exact sequence 1 — > Ker(/) ^ G — > PGL„ — > 1 of 
algebraic groups, gives rise to an exact sequence 

H\K,KeT{f)) ^ H\K,G) ^ H\K, PGLr,) 

of pointed sets; cf. |Se2l pp. 123 - 126]. It is thus enough to show that 
is the trivial map (i.e., its image is {1}). If G = GLn/fid this is an 
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immediate consequence of the fact that Ker(/) = Gm/ fJ'd is isomorphic to 
Gm and thus H^{K,Ker{f)) = {1}. If G = SLn/^e then Ker(/) = fiR, and 
the commutative diagram 

(2.7) 1 ^ f^n ^ SL„ ^ PGL„ ^ 1 

X e 

1 ^ SL„ PGL„ 1, 

of group homomorphisms induces the commutative diagram 

of maps of pointed sets. Since the left vertical map is surjective (it is the 
natural projection i^></(K^)" — > K"" /{K'')'^), and H^{K, SLn) = {1} 
(see |Se2l p. 151]), we see that the image of is trivial, as claimed. 

(b) We will assume G = SLn / ; the case G = GL„ / is similar and 
will be left to the reader. We now focus on the connecting maps 

X e 

H\K, SL, H\K, PGL„) ^ H\K, fi^) 

induced by the diagram 1)2. 7(1 . It is well known that H'^{K,fin) is the n- 
torsion part of the Brauer group of K and S sends a central simple algebra 
A to its Brauer class [A]; see Se2, Section X.5]. Hence, 6' (A) = e ■ [A], and 
Im(/^,) = Ker((^') consists of algebras A of degree n and exponent dividing 
e, as claimed. □ 

2.8. Special groups. An algebraic group G is called special if H^{E, G) = 
{1} for every field extension E/k. Equivalently, G is special if every gener- 
ically free G-variety is split. Special groups were introduced by Serre |Sei| 
and classified by Grothendieck [Groj Theorem 3] as follows: G is special if 
and only if its maximal semisimple subgroup is a direct product of simply 
connected groups of type SL or Sp; cf. also |PV[ Theorem 2.8]. The follow- 
ing lemma can be easily deduced from Grothendieck's classification; we will 
instead give a proof based on Lemma 12.61 

2.9. Lemma. GLn / fid is special if and only if gcd{n,d) = 1. 

Proof. If n and d are relatively prime then every central simple algebra of 
degree d and exponent dividing n is split. By Lemma 12. 6| has trivial 
image and trivial kernel, showing that {E , GLn / fid) = {1} for every 
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E, i.e., GL„//irf is special. Conversely, suppose e = gcd(n, d) > 1. Let 
E = k(a,b), where a and b are algebraically independent variables over k, 
and D = {a,b)e = generic symbol algebra of degree e. Then A = Mn.{D) 
is a central simple algebra of degree n and exponent e, with center E. This 
algebra defines a class in PGL„); since e divides d, Lemma 12.61 tells 

us that this class is the image of some a £ H^{E, GL„ //id). Since A is not 
split, a 7^ 1, and hence GL„ //i^ is not special, as claimed. □ 

3. The canonical dimension of a G- variety 

3.1. Definition. Let X be an irreducible G- variety (not necessarily gener- 
ically free). We shall say that a rational map F : X ---^ X is a canonical 
form map if F{x) = f{x) ■ x for some rational map /: X --■> G. Here we 
think of F{x) as a "canonical form" of x. Note that F and / will usually 
not be G-equivariant. 

3.2. Remark. If the G-action on X is generically free and F : X X is 
a rational map then the following conditions are equivalent: 

(a) F is a canonical form map, 

(b) F{x) £ G ■ x ior X G X in general position, 

(c) IT o F = TT, where tt: X X/G is the rational quotient map. 

The equivalence of (a) and (b) follows from the fact that the rational quotient 
map it: X — X/G is a G-torsor over a dense open subset of X/G; cf. 
Section f2. 31 The equivalence of (b) and (c) is a consequence of the theorem 
of Rosenlicht mentioned in Section 12.21 

3.3. Remark. If the G-action on X is generically free then the argument 
we used to prove that (a) 4^ (b) in Remark 13 . 21 also shows that the rational 
map /: X --■> G in Definition 13.11 is uniquely determined by F. On the 
other hand, if the G-action on X is not generically free then this may no 
longer be the case. For example, if the G-action on X is trivial then every 
/: X G gives rise to the trivial canonical form map F = idx '■ X X. 
This means that in working with canonical form maps, we will want to keep 
track of both F and /. In the sequel we will often say that f '■ X G 
induces F: X X if F{x) = f{x) ■ x for x £ X in general position. 

3.4. Example. Let X = M„, with the conjugation action of G = GL„. 
We claim that the rational map F : M„ M„, taking A to its companion 
matrix 



F{A) 



/O ... -c„ \ 

1 ... -Cn-l 

1 ... -c 



n-2 



\0 ... 1 -ci / 

is a canonical form map. Here i" cii""^ H h c„ = det(t/ - A) is the 

characteristic polynomial of A. 
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To prove the claim, fix a non-zero column vector v E fc" and define f{A) 
as the matrix whose colmnns are v, Av,...,A''-^v. It is now easy to see that 
f: f{A) is a rational map M„ — ^ GL„, and f{A) ■ A = f {A)-^Af{A) 
is the companion matrix F{A). □ 

Our definition of a canonical form map is quite general; for example it 
includes the trivial case, where f{x) = Iq and thus F{x) = x for every 
X ^ X. Usually we would like to choose / so that the canonical form of 
every element lies in some subvariety of X of small dimension. With this in 
mind, we give the following: 

3.5. Definition. The canonical dimension cd{X, G) of a G-variety X is 
defined as 

cd(X, G) = min {dim F{X) - dim(X/G)}, 
where the minimum is taken over all canonical form maps F: X X. If 
the G-action on X is generically free, and X represents a G H^{K,G) (see 
Section [2. 3|) . we will also write cd(a) in place of cd{X,G). 

Note that the symbol cd does not stand for and should not be confused 
with cohomological dimension. 

3.6. Lemma. The integer cd{X , G) is the minimal value o/dim F(G-x) for 
X ^ X in general position. Here the minimum is taken over all canonical 
form maps F: X X. 

Proof. Let vr: X --^ X/G be the rational quotient map for the G-action on 
X. Then for any canonical form map F: X --->■ X, we have n = tt o F. In 
particular, n F{X) is dense in X/G. Applying the fiber dimension theorem 
to 

7r\F^x)-F{X)-.X/G, 

we see that 

dim F{X) - dim X/G = dim F{X) n G • x = dim F(G • x) 

for X G X in general position. By Definition 13.51 cd{X, G) is the minimal 
value of this quantity, as F ranges over all canonical form maps F: X --->■ 
X. □ 

3.7. Example. Let X = M„, with the conjugation action of G = GL„. 
Then the canonical form map F constructed in Example 13.41 takes every 
orbit in X to a single point. This shows that cd(M„, GL„) = 0. The same 
argument shows that cd(M„,PGLn) = 0; cf. also Lemma [4 . 1 01 b elow . 

4. First properties 

4.1. Subgroups. 

4.2. Lemma. If X is a G-variety and H is a closed subgroup of G then 

cd{X, G) + dim X/G < cd{X, H) + dim X/H . 
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Proof. The left hand side is the minimal value of dim F{X), as F ranges 
over canonical form maps F: X --^ X induced by /: X G. The right 
hand side is the same, except that / is only allowed to range over rational 
maps X H. Since there are more rational maps from X to G than from 
X to H, the inequality follows. □ 

4.3. Connected components. 

4.4. Lemma. Let X be a G-variety and let G^ be the connected component 
ofG. Thencd{X,G°) = cd{X,G). 

Proof. The inequality cd{X,G) < cd(X, G") follows from Lemma 14.21 with 
H = G^ . To prove the opposite inequality, let F: X --^ X be a canonical 
form map such that dim F{G ■ x) = cd(X, G) for x £ X in general position. 
Suppose F is induced by a rational map /: X — * G, as in Definition \'A.l\ 
Since X is irreducible, the image of / lies in some irreducible component 
of G. Let g be an element of this component. Then we can replace / by 
/': X —4 where /'(x) = g~^f{x), and F hy F' : X — ^ X given by 
F'{x) = f'{x) ■ X = • F{x). (Note that here g is independent of x.) 
Since F'{G • x) is a translate of F{G • x), we conclude that cd{X,G^) < 
dim • x) < dim F'{G ■ x) = dim F{G ■ x) = cd{X, G). □ 

4.5. Direct products. 

4.6. Lemma. Let Xi be a Gi-variety for i = 1,2, G = Gi x G2 and X = 
X1XX2. Then cd{X, G) < cd(Xi, Gi) + cd(X2, G2). 

Proof. If -Fj : Xi --^ Xi are canonical form maps induced by /«: Xi --■>■ Gi 
(for 1 = 1,2) then F = (Fi, F2) : X --^ X is a canonical form map induced 
by / = (/i, /2) : X = Xi X X2 Gi X G2. Clearly, 

F{G ■ x) = Fi{Gi ■ xi) X F2{G2 ■ X2) 

for any x = (xi, X2) and thus dim(F • x) = dim(Fi • xi) + dim(F2 • X2). The 
desired inequality now follows from Lemma 13.61 □ 

4.7. Split varieties. 

4.8. Lemma. Let X be a generically free G-variety and let tt: X --^ X/G 
be the rational quotient map. 

(a) IfX is split (cf. Section\^ then cd(X, G) = 0. 

(b) Suppose G is connected. Then the converse to part (a) holds as well. 

Proof, (a) Since X is split, we may assume X = G x Xg, where Xq = 
X/G; see Section ITlT i). The map F: X — > X, given by F: {g,xo) ^ 
{1g,xq) is clearly a canonical form map (see Remark 13. '2p . with dim F{X) = 
dim(X/G), and the desired equality follows. 

(b) After replacing X be a G-invariant dense open subset, we may as- 
sume that the G-orbits in X are separated by regular invariants. Suppose 
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cd{X,G) = 0, i.e., dim F{X) = dim(X/G) for some canonical form map 
F: X --■>■ X. It is enough to show that tt^p(^x)- X/G is a bira- 

tional isomorphism. Indeed, if we can prove this then 

win be a rational section (as defined in Section f2.4() . 

To prove that tt\f{x) is a birational isomorphism, consider the fibers of 
this map. If x G X is a point in general position and y = 7r(x) G X/G then 
~ -^(G • x). Since G is connected, G • x is irreducible, and so is 
F{G-x). On the other hand, since cd{X, G) = 0, 7r|~p'(x)(y) 0-dimensional. 
We thus conclude that 7r~p^^^{y) is a single A;-point for y G X/G in general 
position. Hence, t^\f{x) is a birational isomorphism (cf., e.g., |Hu[ Section 
1.4.6]), and the proof is complete. □ 

4.9. Normal subgroups 

4.10. Lemma. Let a: G — > G he a surjective map of algebraic groups and 
H = Ker(Q). Suppose X is a G-variety or, equivalently, a G-variety with 
H acting trivially. Then 

(a) cd{X,G) > cd{X,G). 

(b) IfH is special then cd{X,G) = cd{X,G). 

Proof. Part (a) follows from Definition 13.51 because /: X G and 

/ = / (modi?): X -^G 

give rise to the same canonical form map F: X X. 

(b) Reversing the argument of part (a), it suffices to show that every 
rational map /: X G can be lifted to f : X G. 

Since a : G — > G separates the orbits for the right ff-action on G, it is a 
rational quotient map for this action: cf, |PV1 Lemma 2.1]. If H is special 
then a has a rational section /3: G G. (Note that /? is a rational map 
of varieties but not necessarily a group homomorphism.) Moreover, for any 
go G G, the map : G G, given by Pg^-.g^ 9o^P{a{go)g) is also a 
rational section of a. After replacing (3 by (3gg, for a suitable go G G, we 
may assume that f{X) does not lie entirely in the indeterminacy locus of (3. 
Now f = PoJ: X G is the desired lifting of / : X G. □ 

4.11. Proposition. Let X he a G-variety and H he a closed normal subgroup 
of G. If H is special and the (restricted) H-action on X is generically free 
then cd(X, G) = cd{X/H, G) = cd{X/H, G/H). 

Strictly speaking, the rational quotient variety X/H is only defined up 
to birational isomorphism. However, there exists a birational model Y of 
X/IL, such that the G-action on X descends to a (regular) G/i?-action (or 
equivalently, a regular G-action) on Y; see [PVl Proposit ion 2.6 and Corol- 
lary to Theorem 1.1]. The symbol X/H in the statement of Proposition l4.11l 
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denotes Y as above; any two such models will are birationally isomorphic as 
G- varieties. 

Proof. The equality cd{X/H, G) = cd{X/H, G/H) follows from LemmaEStb); 
we shall thus focus on proving that cd{X, G) = cd{X/H, G). 

After replacing X by an G-invariant open subset, we may assume that 
the quotient map vr: X — > X/H is regular. If vr': X/H Z is a rational 
quotient map for the G-action on X/H then vr'ovr: X Z is a rational 
quotient map for the G-action on X. In particular, X/G and Z = {X/H)/G 
have the same dimension. By Definition 13.51 we only need to show that 

(i) given a canonical form map F : X X there exists a canonical form 
map F' : X/H X/H such that dim F{X) > dim F'[X) and conversely, 
that 

(ii) given a canonical form map F' : X/H X/H, there exists a canon- 
ical form map F: X X such that dim F{X) = dim F'[X). 

Since H is special and its action on X is generically free, we can choose 
a rational section a: X/H X for the quotient map vr: X — > X/H. 

We now proceed to prove (i). Suppose F is induced by a rational map 
/: X ---> G. After translating a by an element of -ff, we may assume that 
the image of a meets the domain of /. Now let F' : X/H X/H be the 
canonical form map induced hy f = f o a: X/H G. Then the diagram 

(4.12) X- ^X 



X/H - -' ^ X/H 

commutes, and (i) follows. 

To prove (ii), choose a Zariski open subset U C X/H, such that a is 
regular in U and vr: 7r^^(U) — > U is an if-torsor. In particular, there 
is a morphism s: ■k~^{U) — > H such that s(x) • x = a(7r(x)). Suppose 
the canonical form map F' : X/H ---> X/H is induced by /': X/H --■> G. 
After replacing /' by gf for a suitable g G G, we may assume without 
loss of generality (and without changing dim F'{X/ H)) that F'(x) £ U for 
X G X/H in general position. 

We will now construct the canonical form map F: X X, whose exis- 
tence is asserted by (ii). To motivate this construction, we remark that it is 
easy to define a canonical form map F so that the diagram 1)4. 12() commutes; 
such a map is induced by / = /' o tt: X G. However, this diagram only 
shows that dim F(X) > dim F'{X/H); equality will not hold in general. 
On the other hand, we are free to modify /(x) by multiplying /'(7r(x)) by 
any element of H on the left (this element of H may even depend on x); 
the resulting canonical form map F will still give rise to a commutative di- 
agram (|4.12)1 . With this in mind, we define F: X --->■ X as the canonical 
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form map induced by /: X G, where 

/(x)=5(/'(7r(x))-x)/'(7r(x)) 

for X G X in general position. As we mentioned above, the diagram H4.12() 
commutes; moreover, by our choice of s, F{X) C a{X/H). Hence, vr re- 
stricts to an isomorphism between F{X) and 'k{F{X)) = F'[X/H). This 
proves (ii). □ 

4.13. Remark. Lemma l4. lUI and Proposition 14. Ill mav fail if H is not spe- 
cial; see Example 15.91 If H is special. Proposition 15.91 may still fail if the 
//-action on X is not generically free; see Remark 115.51 

5. A LOWER BOUND 

5.1. Definition. Let S be an algebraic group and y be a generically free 
S"- variety. We define e(y, S) as the smallest integer e with the following 
property: given a point y in general position, there is an S'-equivariant 
rational map /: Y Y such that f{Y) contains y and dim f{Y) < e + 
dim(5). 

5.2. Remark. Note that this definition is similar to the definition of the 
essential dimension ed(y, S) of y; cf. Section 12.11 The difference is that 
ed(y, 5) is the minimal value of dim fiY) — dim(5), where / is allowed 
to range over a wider class of rational S'-equivariant maps. In particular, 
e{Y,S) > ed(y, 5). Note also that e{Y, S) depends only on the birational 
class of y, as an S- variety. 

5.3. Remark. In the sequel we will be particularly interested in the case 
where Y is itself an algebraic group, S" is a closed subgroup of Y, and 
the S-action on Y is given by translations (say, by right translations, to 
be precise). In this situation, e{Y,S) is simply the minimal possible value 
of dim /(y) — dim(S'), where / ranges over all S'-equivariant rational maps 
y --■>■ y. Indeed, after composing / with a suitable left translation g: Y — > 
y, we may assume that f{Y) contains any given y £Y. 

5.4. Lemma. Let Y be a generically free S-variety. 

(a) IfY is split (cf. Section\2^ then e{Y, S) = 0. 

(b) Suppose there exists a dominant rational S-equivariant map a: V — 
Y, where V is a vector space with a linear S -action. Then e{Y, S) = ed(S). 

(c) If Y = G is a special algebraic group, S is a subgroup of G and the 
S -action on Y is given by translations then e{Y,S) = ed(S). 

Note that the condition of part (a) is always satisfied if S is a special 
group. 

Proof, (a) If y is split, it is birationally isomorphic to S x Z, where S acts 
by translations on the first factor and trivially on the second. In fact, we 
may assume without loss of generality that Y = S x Z . Now for any zq G Z 
consider fz^'.SxZ — S x Z, given by (s, z) ^ (s, zq). As zq ranges over 
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the images of fz^ cover Y. Each of these images has the same dimension 
as S; this yields e{Y, S) = 0. 

(b) Let /?: Y Yq be the dominant S'-equivariant rational map from Y 
to a generically free S'-variety Yq of minimal possible dimension, ed(S') + 
dim(S'); cf. Remark 15.^1 Then for any v £ V, there is a rational G- 
equivariant map 7: Yq --->■ V such that v lies in the image of 7; see (R| 
Proposition 7.1]. Taking f = ao^ o (3: Y Y in Definition 15. II and vary- 
ing V over V , we see that e(y, S) < dim(yo) — dim(5) = ed(5). The opposite 
inequality was noted in E,emark 15.21 

(c) Let y be a generically free linear representation of G (and thus of 
S). Since G is special, V is split; cf. Section ITU Consequently, there is a 
dominant rational map V --■>■ G of G-varieties (and hence, of 5-varieties). 
The desired conclusion now follows from part (b). □ 

5.5. Proposition. Let G be a connected group and X he an irreducible G- 
variety with a stabilizer S in general position. Then 

(a) cd{X,G) > e{G,S), where S acts on G by translations. 
In particular, 

(b) cd(X,G) > ed(G,5), and 

(c) if G is special then cd(X, G) > ed(S'). 

Proof, (b) and (c) follow from (a) by Remark 15.21 and Lemma l5.4r c) respec- 
tively. 

To prove part (a), choose a canonical form map F : X --^y X such that 
dim F{G ■ x) = cd(X, G) for x in general position; cf. Lemma Suppose 
that F is induced by a rational map / : X G, as in Definition 13.11 and 
consider the commutative diagram 



4> 
G ■ X — ^ G ■ X 

of rational maps, where (j): G — > G • x is the orbit map, (/>(g) = g ■ x, and 
F'ia) = fig ■x)-x. 

Now set S = StabG(x) and observe that F'{gs^^) = F'{g)s^^ for every 
s € S. In view of Remark 15.31 this implies 

dim F'{G) - dim S >e{G,S). 

On the other hand, F'{G) is an 5'-invariant subvariety of G and (because 
the above diagram in commutative) F(G ■ x) = (/){F'{G)). Finally, since for 
any g £ G, (f){gs~^) = 4>{g) if and only if s S 5, we see that the fibers of 
the map <i>\F'(x)'- F'{X) — > F{G ■ x) are precisely the S'-orbits in F\X). 
Consequently, 

cd(X, G) = dim F{G ■ x) = dim F'{G) - dim 5 > e(G, S) , 
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as claimed. □ 

5.6. Remark. Proposition 15.51 assumes that the G-action on X has a sta- 
bilizer in general position, i.e., there exists a subgroup S C G such that 
Stab(x) is conjugate to 5 for x G X in general position. This condition is 
satisfied by many but not all group actions; see |PV[ Section 7]. For an ar- 
bitrary G-action on X, our proof of part (a) shows that if e{G, Stab(x)) > d 
for X in a Zariski dense open subset of X then cd{X, G) > d. 

Note also that if is a Levi subgroup of Stab(x) then by a theorem of 
Richardson (see |R,i[ Theorem 9.3.1] or |PV[ Theorem 7.1]), there exists a 
non-empty Zariski open subset U C X such that and Ly are conjugate in 
G. Since ed{Lx) = ed(Stab(x)) (this is an immediate consequence of |San[ 
Lemma 1.13]; for a direct geometric proof, see |K£i|), ed(Stab(x)) assumes 
the same value for every x E U. In particular. Proposition E^fc) remains 
valid for an arbitrary G-action, provided that we replace the inequality 
cd(X, G) > ed{S) by cd{X, G) > ed(Stab(x)) for x£U. 

5.7. Corollary. Let G be a connected group, S be a closed subgroup, and 
X = G/S be a homogeneous space. Then 

(a) cd(X, G) = e{G,S), where S acts on G by translations. 

(b) If G is special then cd{X,G) = ed(S'). 

Proof. Part (b) follows from part (a) and Lemma l5.4r c). 

To prove (a) , note that by Proposition 15. 5( we only need to show that 
cd(X, G) < e{G,S), i.e., to construct a canonical form map F: X X 
such that 

(5.8) dim F(G • x) =e(G, 5) 

for X in general position. We will define F by reversing the construction in 
Proposition 15.51 Let F' : G --^ G be an S'-equivariant rational map (with 
respect to the right translation action of S on G), such that dim F'{G) 
assumes its minimal possible value, e(G, S) -l-dim(S'); cf. Remark l5.3l Then 
/': G G given by f'{g) = F'{g)g^^ is /S-invariant (with respect to the 
right translation action of S on G). Hence, /' descends to /: G/S --^ G. 
Thus we have a commutative diagram 



G 


F' 

G 


i 


I 


G/S 


--^ G/S 



where F{x) = f{x) ■ x. Here F is, by construction, a canonical form map, 
and 

dim F{G/S) = dim F'(G) - dim S = e(G, S) , 
as desired. □ 

5.9. Example. Let G be a special group and H he a non-special closed 
normal subgroup of G. (For example, G = SL„ and H = fin is the center of 
G.) 
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(i) Let X = G/H. Then by CoroHarv KTlh). cd{X,G) = ed{H), which 
is > 1; cf. IH Proposition 5.3]. On the other hand, cd{X, G/H) = 0; (cf. 
Lemma UHfa)). This shows that the equahty cd{X,G) = cd(X, G/H) in 
Lemma l4.1flr b) may fail if H is not special. 

(ii) Now let X = G (viewed as a G- variety with the translation action). 
Then cd{X,G) = (cf. Lemma OTa)) but, cd{X/ H,G) = ed{ H). This 
shows that the equality cd(X, G) = cd(X/H, G) in Proposition 14.111 may 
also fail if H is not special. 

6. A COMPARISON LEMMA 

6.1. Lemma. Let a: X Y he a dominant rational map of irreducible 
G-varieties. Suppose dim(G ■ x) = d and dim(G ■ y) = e for x £ X and 
y & Y in general position. Then cd{X, G) < cd{Y, G) + d — e. 

Proof. Let F : Y Y he a. canonical form map such that dim F{G ■ y) = 
cd{Y,G) for Y in general position. Suppose F is induced by /: y G, 
i.e., F{y) = f(y) ■ y, as in Definition 13.11 

Now consider f = f o a: X G and the induced canonical form map 
F' : X X given by F'{x) = f'{x) ■ x. The relationship between F and 
F' is illustrated by the following commutative diagram, where x is a point 
in general position in X and y = a{x) G Y. 



G-x 


F' 

-U F'{G 


- X 


a i 


I 


a 


G-y 


--4 F{G- 


y) 



Each fiber of a : G-x — > G - y has dimension d — e. Hence, each fiber of 
the right vertical map a^pi(^Q.x) has dimension < d — e. Applying the fiber 
dimension theorem to this map, we obtain 

dim F'{G - x) < dim F{G - y) + d - e = cd{Y, G) + d - e , 

and the proposition follows; cf. Lemma 13.61 □ 

Let X be a G-variety and H he a closed subgroup of G. Recall that 
an i7-invariant (not necessarily irreducible) subvariety Y C X is called a 
(G, i^)-section if (i) G-Y is dense in X and (ii) for y £ Y in general 
position, g-y£Y<^g£H. Note that in some papers a (G, /f)-section is 
called a relative section (cf. |PV1 Section 2.8]) or a standard relative section 
with normalizer H (cf |Po| (1.7.6)]). 

6.2. Corollary. Let X be an irreducible G-variety. 

(a) IfX has a {G, H)-section then cd{X,G) < e{G,H) + d- dim(G) + 
dim{H), where d = dim(G • x) for x G X in general position. 

(b) If X has a stabilizer S in general position then 

e(G, S) < cd{X, G) < e(G, N) - dim(5) + dim(iV) , 
where N is the normalizer of S in G. 



16 



G. BERHUY AND Z. REICHSTEIN 



Proof, (a) The existence of a (G, ff)-section is equivalent to the existence of 
a G-equivariant rational map X G/H; see jPol Theorem 1.7.5]. Thus by 
LemmaEHl cd{X,G) < cd{G/H,G) - d + dim{G / H) . By Corollary EZfa) 
cdiG/H,G) = eiG,H), and part (a) follows. 

(b) The inequality e{G,S) < cd{X,G) follows from Proposition IS.Sf a). 
To prove the inequality 

(6.3) cd(X, G) < e(G, N) - dim(5) + dim(iV) , 

note that by |Po| (1.7.8)], X has a {G, A^)-section. Substituting H = N and 
d = dim(G) — dim(5) into the inequality of part (a), we obtain (|(i.3j) . □ 

7. The canonical dimension of a group 

In this section we will define the canonical dimension of an algebraic group 
G. We begin with a simple lemma. 

7.1. Lemma. Let X be an irreducible G -variety, and let Z be an irreducible 
variety with trivial action of G. Then cd{X x Z,G) = cd{X,G). 

Proof. The inequality cd{X x Z,G) < cd{X, G) follows from Lemma 16.11 
applied to the projection map a: X x Z — > X. To prove the opposite 
inequality, let c = cd(X x Z, G) and choose a canonical form map F : X x 
Z X X Z such that dim F{G ■ {x,z)) = c. Suppose F is induced by 
f : X X Z --■> G, i.e., F(x, z) = f{x, z) ■ (x, z), as in Definition 13. II It is now 
easy to see that for zq G Z in general position, the map /^q : X G given 
by fzo{x) = f{x, zq) gives rise to a canonical form map F^^ : X --"t X such 
that dim Fq{G ■ x) = c. In other words, cd{X, G) < c, as claimed. □ 

7.2. Proposition. Let V be a generically free linear representation of G. 

(a) If X is an irreducible generically free G-variety then cd{X,G) < 
cd{V,G). 

(b) If W is another generically free G -representation, then cd{V,G) = 
cd(W,G). 

Proof, (a) By Corollary 2.20], there is a dominant rational map a: X x 
A'^ V of G-varieties, where d = dim.{V), and G acts trivially on A"'. 
Now 

1 / ^ ^^ by LommaO i / ^ a d ^^ ''^ Lomma|0 

cd{X,G) = ^cd{XxA'^,G) < cd(y, G), 
as claimed. 

(b) cd(M^, G) < cd(y, G) by part (a). To prove the opposite inequality, 
interchange the roles of V and W. □ 

7.3. Definition. We define the canonical dimension cd(G) of an algebraic 
group G to be cd{V,G), where y is a generically free linear representation 
of G. By Proposition I7.2r a) this number is independent of the choice of V. 
Moreover, by Proposition 17. 2r b) cd(G) = max{cd(X, G)}, as X ranges over 
all irreducible generically free G-varieties. 
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7.4. Corollary. Suppose W is a linear representation ofG such that StabG'(?i;) 
is finite for w £ W in general position. Then cd(G) < cd(l/V^, G). 

Proof. Let ^ be a generically free linear representation of G. Then so is 
X = V X W. The desired inequality is now a consequence of Lemma l6.ll 
applied to the projection map a: V xW — > W. □ 

7.5. Lemma, (a) cd(G) < cd{H) + dim(G) — dim{H), for any closed sub- 
group H c G. 

(h) cd(G) = cd(GO). 

(c) cd(G) = if and only if G^ is special. 

(d) cd(Gi X Ga) < cd(Gi) + cd(G2). 

Proof, (a) Follows from Lemma 14.21 with X = V = generically free linear 
representation of G. 

(b) Immediate from Lemma 14.41 

(c) By part (b), we may assume G = G*^ is connected. The desired 
conclusion now follows from Lemma 14.81 

(d) Follows from Lemma 14.61 by taking Xj = to be a generically free 
representation of Gj for z = 1, 2. □ 

7.6. Example. Consider the subgroup 

/ &i \ 

A : 



H = { 



V0...0 1 / 



A e GL„_i , 6i, . . . , hn-i 



of G = PGL„. The Levi subgroup of H is special (it isomorphic to GL„_i); 
hence, H itself is special. (This follows from the theorem of Grothendieck 
stated in Section 12.81 or alternatively, from |San| Lemma 1.13].) Since 
dim(i?) = — n. Lemma ESta) yields cd(PGL„) < n — 1. In particu- 
lar, cd(PGL2) = 1. (Note that cdjPGLs) > 1 by Lemma ESfc) ) . 

Alternatively, we can deduce the inequality cd(PGL„) < n — 1 by applying 
Lemma 16.11 to the projection map M„ x M„ — > M„ to the first factor, 
where PGL„ acts on M„ by conjugation. The PGL„-action on M„ x M„ 
is generically free; hence, cd(PGL„) = cd(M„ x M„,PGL„). On the other 
hand, cd(M„,PGL„) = 0; see Example 13.71 Now Lemma lOl tells us that 

cd(PGL„) = cd(M„ X M„, PGL„) < cd(M„, PGL„) + n- l- = n- l. 

For a third proof of this inequality, see Example 19.91 

8. Splitting fields 

Throughout this section we will assume that G/k is a connected linear 
algebraic group. Unless otherwise specified, the fields E., K, L, etc., are 
assumed to be finitely generated extensions of the base field k. 
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Let X be a generically free irreducible G- variety, E = k{X) = k{X/G), 
it: X X/G be the rational quotient map and F : X X he a canonical 
form map. Recall that F commutes with vr, so that F{X) may be viewed 
as an algebraic variety over E. 

8.1. Lemma. Let X he a generically free G-variety such that G-orbits in X 
are separated by regular invariants and let F: X --->■ X be a canonical form 
map. Suppose a G H^{E,G) is the class represented by X. Then for any 
field extension K/E the following conditions are equivalent: 

(a) aK = 1, 

(b) X is rational over K , 

(c) F{X) is unirational over K, 

(d) K-points are dense in F{X), 

(e) F{X) has a K -point. 

Proof. We begin by proving the lemma in the case where K = E. 

(a) ^ (b): If a = 1 then X is birationally isomorphic to X/G x G (over 
X/G). Now recall that the underlying variety of a connected algebraic group 
G is rational over k. Hence, X/Gx G is rational over X/G, i.e., X is rational 
over E. 

(b) (c): The rational map F: X F{X) is, by definition, dominant. 
If X is rational, this makes F{X) unirational. 

(c) ^ (d) and (d) ^ (e) are obvious. 

(e) (a): An ii^-point in F(X) is a rational section s: X/G F'i^) C 
X for vr. The existence of such a section implies that X is split, and hence, 
so is a; see Section ITU 

To prove the general case, note that since the G-orbits in X are separated 
by regular invariants, we can choose a regular model of the rational quotient 
variety X/G, so that the rational quotient map vr: X — > X/G is regular 
and its fibers are exactly the G-orbits in X. After making X/G smaller if 
necessary, we may also assume that our field extension K/E is represented 
by a surjective morphism Y — > X/G of algebraic varieties. Then ax is 
represented by the G-variety Xk = X Xx/g^- 

We claim that the morphism ttk '■ Xk — > Y (projection to the second 
component) separates the G-orbits in Xk- Indeed, if for some xi,X2 G X, 
z\ = (xi,y) and Z2 = {x2,y) G Xk have the same second component then 
7r(xi) = 'k{x2). We conclude that xi and X2 are in the same G-orbit in X 
and consequently, zi and Z2 are in the same G-orbit in Xk, as claimed. This 
shows that ttk is a rational quotient map for the G- action on Xk', cf. |PV[ 
Lemma 2.1]. 

We now define a rational map Fk'- Xk — Xk by FK{x,y) = {F{x),y). 
Since hk°Fk = ttk, Fk is a canonical form map; see R,emark K-i.2l Moreover, 
Fk{Xk) = F{X) Xx/G ^ ■ Replacing X by Xk and F by Fk, we reduce 
the lemma to the case we settled at the beginning of the proof (where K = 
E). □ 
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Let a E H^{E,G). As usual, we will call a field extension K/E a split- 
ting field for a if the image ok of a under the natural map {E, G) — > 
H^{K, G) is split. If a is represented by a generically free G- variety X, with 
k{X)'~^ = E then we will also sometimes say that K is a, splitting field for 
X. 

8.2. Proposition. Suppose a G H^{E,G). 

(a) If cd{a) = 1 then there exist ^ a,b £ E such that a field extension 
K/E splits a if and only if the quadratic form q{x, y, z) = + ay"^ + bz^ is 
isotropic over K. In particular, a has a splitting field K/E of degree 2. 

(h) If cd {a) = 2 then a has a splitting field K/E of degree 2, 3, 4, or 6. 

Note that if K/E is a splitting field for a then [K : E] = 1 is impossible 
in either part. Indeed, otherwise a itself is split, and cd(a) = by see 
Lemma 14. 8r a). 

Proof. Choose a canonical form map F: X X, such that dim F{X) — 
dim(X/G) = cd(a). By Lemma lH.ll F{X) is unirational over every splitting 
field K of a; in particular, it is unirational over the algebraic closure E of 
E. 

(a) Here F{X) is a curve over E, and Liiroth's theorem tells us that 
F{X) is rational over E. It is well known that any such curve is birationally 
isomorphic to a conic Z in P|n (see, e.g., |MTl Proposition 1.1.1]) and that 
i^-points are dense in Z if and only if Z{K) ^ (see, e.g., |MT1 Theorem 
1.2.1]). Writing the equation of Z C P|; in the form + ay"^ + bz'^ = 0, we 
deduce the first assertion of part (a). The second assertion is an immediate 
consequence of the first; for example, K = E[\J—a) is a splitting field for a. 

(b) Here F{X) is a surface over E, which becomes unirational over the 
algebraic closure E. By a theorem of Castelnuovo, F{X) is, in fact, rational 
over E. Let Z he a complete smooth minimal surface, defined over E, which 
is birationally isomorphic to F{X) via (p: F{X) Z and let U C Z he 
an open subset such that (p is an isomorphism over U. Part (b) now follows 
from Lemma l8. II and Lemma 18.31 below. □ 

8.3. Lemma. Let E be a field of characteristic zero, Z be a complete minimal 
surface defined over E and rational over E, and let U be a dense open subset 
of Z (defined over E). Then U contains a K -point for some field extension 
K/E of degree 1, 2, 3, 4 or 6. 

Proof. By the Enriques-Manin-Iskovskih classification Z is a conic bundle 
or a del Pezzo surface; see ^ Theorem 1] or |MT| Theorem 3.1.1]. Note that 
Z = listed as a separate case in Theorem 1], is, in fact, a del Pezzo 
surface. (We remark however, that the lemma is obvious in this case, since 
£^-points are dense in P|;.) 

If f : Z — > C is a conic bundle over a rational curve C, then after re- 
placing ii^ by a quadratic extension E', we may assume that Ce' ^ ^E,. For 
every i?'-point z £ C, f~^{z) is a rational curve over E' . Taking z G Ge' so 
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that f^^{z) n [/ 7^ 0, we can choose an extension K/E' of degree 1 or 2 so 
that f~^{z)K — IP/f- Now [K : E] = \, 2 or 4, and i^-points are dense in 
f~^{z), so that one of them wih He in U. 

From now on we may assume that Z is a del Pezzo surface. Recall that the 
anticanonical divisor —Qz on a del Pezzo surface is ample, and the degree 
d = VLz ■ can range from 1 to 9. 

If d = 1 the linear system | — 2Qz\ defines a (ramified) double cover 
/: Z — > Q, where Q is a quadric cone in P|,; see ^, p. 30]. Then Qe' ~ 
P|., for some extension E'/E of degree 1 or 2. Now choose an £"-point 
X G f{U) C Q and split f~^{x) over a field extension K/E' of degree 1 or 
2. Then [i^ : i?] = 1, 2 or 4 and U contains a i^-point. 

If d = 2 then the linear system | — ^z\ defines a (ramified) double cover 
Z — > P| (see m p. 30]), and points of de gree 2 are dense in Z. 

If 3 < d < 9 then it is enough to show that Z{K) ^ for some field 
extension K/E of degree 1, 2, 3, 4 or 6. Indeed, if Z{K) ^ then Zk is 
unirational over K (see |MT| Theorem 3.5.1]) and thus iC-points are dense 
in Z. Note also that for 3 < c? < 9, Z is isomorphic to a surface in P*^ of 
degree d. Intersecting this surface by two hyperplanes in general position, 
we see that Z has a point of degree dividing d. This proves the lemma for 
d = 3, 4, and 6. 

For d = 5 and 7, Z always has an E'-point (see |MT1 Theorem 7.1.1]), so 
the lemma holds trivially in these cases. For d = 8, Z has a point of degree 
dividing 4 and for d = 9, Z has a point of degree dividing 3 (see |MTl p. 
80]). The proof of the lemma is now complete. □ 

8.4. Example. Suppose a S H^{K,PGLn) is represented by a central sim- 
ple algebra of index d. Then the degree of every splitting field for a is divisi- 



ble by d(cf. e.g, |Row[ Theorem 7.2.3] 1: hence, cd(a) > s ' ' 

I 3, if d / 1, 2, 3, 4 or 6. 



[3, if n 7^ 1,2,3,4 or 6. 
cd(PGL„), see Section ITTl 

8.5. Example. Let y be a generically free linear representation of G = i*4, 
Eq or Ej (adjoint or simply connected), K = k{V)^ and a G H^{K, G) be 
the class represented by the G- variety V. Then the degree of any splitting 
field L/K for a £ H\k{V)^, G) is divisible by 6; [RYil p. 223]. We conclude 
that cd(G) > 2 for these groups. 

8.6. Example. cd(G) > 3, if G = £^8 or adjoint E^; see |RY2l Corollaries 
5.5 and 5.8]. 

8.7. Remark. Let G be a connected linear algebraic group defined over k 
and let H he a. finite abelian p-subgroup of G, where p is a prime integer. 
Recall that the depth of H is the smallest value of i such that [H : Hr\T] = p*, 
as T ranges over all maximal tori of G; see IRY2I Definition 4.5]. Note that 
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H has depth if and only if it hes in a torus of G. A prime p is called a 
torsion prime for G if and only if G has a finite abelian p-subgroup of depth 
> 1. (This is one of many equivalent definitions of torsion primes; see [SB 
Theorem 2.28].) The inequalities of Examples 18.41 - [8.61 mav be viewed as 
special cases of the following assertion: 

Suppose a connected linear algebraic group G has a p-suhgroup H of depth 

d. 

(a) //cd(G) < 1 then / = 1 or 2. 

(h) //cd(G) < 2 then / = 1, 2, 3 or 4. 
The proof is immediate from Proposition 18 . 21 and IRY2I Theorem 4.7] (where 
we take X to be a generically free linear representation of G). 

9. Generic splitting fields 

9.1. Definition. Let K/E be a (finitely generated) field extension. A 
(finitely generated) field extension L/E is said to be 

(a) a specialization of K/E if there is a place (j): K — > LU {cxd}, defined 
over E, 

(b) a rational specialization of K/E if there is an embedding K ^ 
L{ti, . . . , tr), over E, for some r > 0. 

In geometric language, (a) and (b) can be restated as follows. Suppose 
the field extensions K/E and L/E are induced by dominant rational maps 
V --■>■ Z and W --■>■ Z of irreducible algebraic /c-varieties, respectively. Then 

(a') is a specialization of V if there is a rational map W V, such 
that the diagram 

w--^v 

\ I 

\ I 
A y 

Z 

commutes. 

(b') is a rational specialization of V if for some r > there is a 
dominant map W x V such that the diagram 



Z 



commutes. 



9.2. Remark. In the definition of rational specialization we may assume 
without loss of generality that r = max {0, tideg^{L)—trdeg^{K)}; see Roq2| 
Lemma 1]. 

9.3. Definition. Let a £ H^{E,G). A splitting field K/E for a is called 
generic (respectively, very generic) if every splitting field L/E for a is a 
specialization (respectively, a rational specialization) of K/E. 
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9.4. Remark. It is easy to see that a rational specialization is a specializa- 
tion (cf. ISabl Lemma 11.1])- Consequently, a very generic splitting field is 
generic. 

9.5. Remark. The generic splitting field of a in Definition 19., SI is the same 
as the generic splitting field for the twisted group qG defined by Kersten 
and Rehmann (Kllj . 

9.6. Lemma. Let G be a connected algebraic group, X he an irreducible 
generically free G-variety, E = k{X)^ = k{X/G) and F : X --^ X be a 
canonical form map. Then k{F(X))/E is a very generic splitting field for 
the class a G H^[E,G) represented by X. 

Proof. After replacing X by a G-invariant open subset, we may assume that 
G-orbits in X are separated by regular invariants. The generic point of 
F{X) is a A;(F(X))-point; hence, by Lemma F{X)/E is a splitting field 
for a. 

It remains to show that every splitting field L/E for q is a rational spe- 
cialization of k{F{X))/E. After replacing X by a smaller G-invariant dense 
open subset, we may assume that L/E is induced by a surjective morphism 
Y — > X/G of algebraic varieties. Then ul = 1l is represented by the 
generically free G-variety Xl = X Xx/G Since Xl is split, it is rational 
over L; see Lemma l8. II The morphisms 

Xl^X ^ F{X) ^ X/G 

now tell us that k{F{X)) ^ k{Xi) = . . . over E, where ti, . . . ,ir 
are independent variables and r = dim(G). (Here pr^^ is the projection 
Xl = X 'Xx/G ^ — * to the first factor.) This shows that L/E is a 
rational specialization of k{F(X))/E, as claimed. □ 

9.7. Proposition. LetE/k be a finitely generated field extension. Then for 
every a G H^{E, G), 

cd(a) = min {trdeg^(-R') | K/ E is a generic splitting field for a } 
= min {trdeg^(L) | L/E is a very generic splitting field for a }. 

Proof. Let X be a generically free G-variety representing q; in particular, 
E = k{X)^ = k{X/G). Since cd(X, G) is, by definition, the minimal value 
of dim F{X) — dim(X/G) = trdeg^ k{F{X)), as F ranges over all canonical 
form maps X X, Lemma 19.51 tells us that 

cd(a) = cd{X, G) > min{trdeg£;(L) \ L/E is a very splitting field for a}. 

Now let K/E be a generic splitting field for a. It remains to show that 

(9.8) cd(X,G) <trdeg^(K) 

Choose a variety Y whose function field k{Y) is K; the inclusion E C K 
then gives rise to a rational map Y X/G. By Lemma 19.61 (with F = id), 
k{X)/E is a very generic (and hence, a generic; cf. Eemark 19. 4|) splitting 
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field of a. Since k{X)/E and K/E are both generic splitting fields, each 
is a specialization of the other. Geometrically, this means that there exist 
rational maps /i : X --^ Y and /2 : Y X such that the diagram 

^ I / 

^ I ^ 

A Y A 
X/G 

commutes. After replacing Y by the closure of the graph of /2 in y x X, 
and /2 by the projection from this graph to X, we may assume that /2 is a 
morphism. Now F = f2 o fi is a well defined rational map X X which 
commutes with the rational quotient map vr: X X/G. By Remark 13. 2[ 
F is a canonical form map. Thus 

cd(X, G) < dim F{X) - dim X/G < dim /2(y) - dim X/G < 

dim(y) - dim(X/G) = trdegfc(is:) - trdegfc(-E) = trdeg^(i^) 

Thus completes the proof of (|9.8|) and thus of Proposition 19.71 □ 

9.9. Example. Let a £ H^{E,PGLn) be represented by a central simple 
-E/-algebra A and let K be the function field of the Brauer-Severi variety of 
A. Then K/E is a very generic splitting field for a (see, e.g., |Sal2l Corollary 
13.9]) and tr:deg^{K) = n — 1. By Proposition 19.71 cd(a) < n — 1. This 
gives yet another proof of the inequality cd(PGL„) < n — 1 of Example 17.61 

10. The CANONICAL DIMENSION OF A FUNCTOR 

The results of the previous section naturally lead to the following defini- 
tions. Let ^ be a functor from the category Fields^ of finitely generated 
extensions of the base field k to the category Sets* of pointed sets. We 
will denote the marked element in J-{E) by 1^; (and sometimes simply by 
1, if the reference to the field E is clear from the context). Given a field 
extension L/E, we will denote the image of a G ^{E) in T{L) hy ai- 

The notions of splitting field and generic splitting field naturally extend 
to this setting. That is, given a G ^{E), we will say that L/E is a split- 
ting field for a \i ai = 1l- We will call a splitting field K/E for a generic 
(respectively, very generic) if every splitting field L/E' for a is a specializa- 
tion (respectively, a rational specialization) of K/E. Moreover, we can now 
define cd(a) by 

cd(a) = min {trdeg£;(K) | K/E is a generic splitting field for a} 
and cd{!F) by 

cd(jF) = max{cd(a) | E/k is a finitely generated extension, a G ^{E) }. 

Proposition 19.71 says that if G is a connected linear algebraic group and 
= H^{-, G) then the above definition of cd(a) agrees with Definition 13.51 
Moreover, Definition 17.31 tells us that for this cd(jr) = cd(G). 
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Note that none of the above definitions require k to be algebraically closed. 
In particular, it now makes sense to talk about the canonical dimension of 
an algebraic group defined over a non- algebraically closed field. This opens 
up interesting directions for future research, but we shall not pursue them in 
this paper. Instead we will continue to assume that k is algebraically closed, 
and our main focus will remain on the functors H^{-,G). However, even 
in this (more limited but already very rich) context, we will take advantage 
of the notion of canonical dimension for a functor by considering certain 
subfunctors of H^{-,G). 

We also remark that it is a priori possible that for some functors J^, some 
fields E/k and some a £ ^{E) there will not exist a generic splitting field; 
if this happens, then, according to our definition, cd(a) = c(i{J-) = oo. 
However, Proposition 19. 71 tells us that this does not occur for any functor of 
the form H^{-,G), where G is a linear algebraic group, and consequently, 
for any of its subfunctors. 

10.1. Example. Isomorphic functors clearly have the same canonical di- 
mension. In particular, suppose G is a linear algebraic group and U is 
a normal unipotent subgroup of G. Then the natural map H^{^,G) — > 
H^{-,G/U) is an isomorphism (see, e.g., |Sanl Lemma 1.13]) and hence, 
cd(G) = cd{G/U). Taking U to be the unipotent radical of G, we see that 
that cd(G) = cd(Gred)5 where Gred is the Levi subgroup of G. 

The following simple lemma slightly extends the observation that isomor- 
phic functors have the same canonical dimension. This lemma will turn out 
to be surprisingly useful in the sequel. 

10.2. Lemma. Suppose r: J-i — > T2 is a morphism of functors with trivial 
kernel. Then for every finitely generated field extension E/k, 

(a) cd(a) = cd(r(a)) for any a € J^i{E). 

(b) cd(.Fi) < cd{F2). 

(c) Moreover, if t is surjective then cd(.7-"i) = cd{J-'2). 

Proof. Since r has trivial kernel, a and T(a) have the same splitting fields 
and hence, the same generic splitting fields. This proves part (a). Parts (b) 
and (c) follow from part (a) and the definition of cd(.7^). □ 

10.3. Example. Recall that the cohomology set //^(_,PS02n) classifies 
pairs {A, a), where ^ is a central simple algebras of degree 2n with an orthog- 
onal involution a of determinant 1; see |KMRT| p. 405]. (Note that |KMRTj 
uses the symbol PGO"*" instead of PSO.) Consider the morphism of functors 
/: f/'^(_,S02n) — > i/^(_,PS02n) Sending a quadratic form q of dimension 
2n to the pair (M2n(-^), fg), where aq is the involution of M2„(i^) associated 
to q. We claim that / has trivial kernel. Indeed, q G Ker(K) <^=^ q gives 
rise to the standard (transposition) involution on M2n{K) <^=^ q is the 2n- 
dimensional form (a, a, ... , a, a) for some a £ K*; cf. e.g., |KMR:r[ p. 14]. 
On the other hand, since we are assuming that K contains an algebraically 
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closed base field k of characteristic zero (and in particular, K contains a 
primitive 4th root of unity), the form {a, a) is hyperbolic (cf., e.g., |Lam[ 
Theorem 1.3.2]), and hence, so is q. This shows that / has trivial kernel, as 
claimed. Lemma ri0.2r bl now tells us that cd(PS02n) > cd(S02n)- 

10.4. Example. The exact sequence 

1 — > fi2 — > Spin„ SOn — > 1 

of algebraic groups gives rise to the exact sequence 

S0n{-)^H\^,fi2) -ifi(-,SpinJ— i/i(-,SO„) 

of cohomology sets, where 5 is the spinor norm; see, e.g., |Garl p. 688]. 
Since —1 is a square in k, the unit form is hyperbolic, hence 5 is surjective 
and thus vr^, has trivial kernel. On the other hand, the image of tt^, consists 
of quadratic forms q of discriminant 1 such that 




q, if n is even, 

q © (1), if n is odd 



has trivial Hasse-Witt invariant. Thus cd(Spin„) = cd(HW„), where HW„ 
is the set of n-dimensional quadratic forms q such that q' has trivial dis- 
criminant and trivial Hasse-Witt invariant. 

10.5. Example. Define the functors Pf,. and GPfj. by Pir{E) = r-fold Pfister 
forms defined over E and GPfr-(-E) = scaled r-fold Pfister forms defined over 
E. In other words, 

GPf,.(^) = {(c) ^q\ceE*, qe Pir{E)} . 

Taking c = 1 above, we see that Pf^ is a subfunctor of GPf^; hence, 
cd(Pfr) < cd(GPfr). On the other hand, since q and (c) q have the 
same splitting fields for every q G Fir{E) and every c G we actually 
have equality cd(Pfr) = cd(GPfr). 

Now suppose q G Pfr{E). Let q' be a subform of q of dimension 2^'~^ -|- 1. 
The argument in |KS[ p. 29] shows that K = E{q') is a generic splitting 
field for a. Recall that E(q') is defined as the function field of the quadric 
hypersurface q' = in ; in particular, trdeg^; E{q) = T'"^ — 1. Propo- 
sition EIZI now tells us that cd(g) < 2^~^ — 1. On the other hand, if q is 
anisotropic, a theorem of Karpenko and Merkurjev |KM| Theorem 4.3] tells 
us that, in fact cd((7) = 2^~^ — 1. We conclude that 

(10.6) cd(GPfr) = cd(Pf^) = 1'-^ - 1 . 

We remark that the setting considered by Karpenko and Merkurjev in |KMj 
is a bit different from ours in that they call a field KjE splitting for a qua- 
dratic form qjE if qx is isotropic, where as we use this term to indicate that 
qK is hyperbolic. However, if g is a Pfister form then the two definitions 
coincide; cf., e.g., |Laml Corollary 10.1.6]. 
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10.7. Example. Consider the exceptional group G2 . The functors -ff^(_, 6*2) 
and Pfs are isomorphic; see, e.g., |KMRT[ Corohary 33.20]. Hence, cd(G2) = 
cd(Pf3) = 3; see ^QM- 

11. Groups of type A 

In this section we will study canonical dimensions of the groups GL„ //i^ 
and SL„ //Ue, where e divides n. We define the functor 

(11.1) C„,,e: Fieldsfc — > Sets* 

by Cn,e{E/k) = {isomorphism classes of central simple S-algebras of degree 
n and exponent dividing e}. The marked element in Cn,e{E/k) is the split 
algebra M„(£'). Clearly, C„,e is a subfunctor of PGL„). 

11.2. Lemma. Let n and d he positive integers and e he their greatest com- 
mon divisor. Then cd(GL„ / fid) = cdiGLn / fJ-e) = cd(SL„ / /ie) = cd{Cn,d) = 

cd{Cn,e)- 

Proof. By Lemma 12.61 there are surjective morphisms of functors 

H^i-i GL„ / ^d) — > Cn,d 1 
H^{^, GL„ / /ig) — > Cn,e and 

i~ 1 Shn / fJ-e) > Cn,e 

with trivial kernels. Basic properties of the index and the exponent of 
a central simple algebra tell us that Cn,d = Cn,e] the rest follows from 
Lemma Entc). ' ' □ 

11.3. Lemma. Let n and e he positive integers such that e divides n, 

(a) If e' \ e and n' \ n then cd(SL„ //ie) > cd(SL„/ /^e')- 

(h) Suppose n = nin2 and e = 6162, where | ni and ni,n2 are relatively 
prime. Then 

cd(SL„ //ie) = cd(SL„i /fj.ei X SL„2 //^ea) < cd(SL„i /^ei) + cd(SL„2 /^ej) 

(c) Let n = Y\p"^p be the prime factorization of n (here the product is 
taken over all primes p and Op = for all hut finitely many primes) and 

= UpleP"'"- ^^^^ cd(SL„/^e) = cd(SLm//ie), 

Proof, (a) The morphism of functors Cn' e' — ^ C'n e given by ^ 1— > M"(A) 

^^^^^ ' ' rr 

has trivial kernel. By Lemma flU.2f b). cd(C„_e) > cd(C„/^e')- The desired 
inequality now follows from Lemma lll.21 

(b) First note that the functors 

H^i-, SL„^ / X SL„2 / /ie2 ) and LL^i-, SL„^ /^g J x iJ^ (_ , SL„2 / /ig^ ) 

are isomorphic. Thus by Lemma 12.61 there is a surjective morphism of 
functors 

H (_,SL„-^ //Xgj X SL„2 //-^ea) ^ Cni,ei X Cn2,e2 

with trivial kernel. By Lemma Il0.2r c'). 

cd(SL^-^ //iei X SL„2 / 1^62) ~ cd(Cnj^ei X Cn2,e2) 
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and by Lemma 111. 21 cd(SL„//ie) = cd{Cn,e)- The equality in part (b) 
now follows from the fact that for relatively prime ni and n2 the functors 
Cni,ei X Cn2,e2 Cn,e are isomorphic via (^1,^2) ^ Ai A2. The 
inequality in part (b) is a special case of Lemma l7.5r d). 

(c) By LemmaHrH cd(SL„ //ig) = cd(C„,e) and cd(SLm //^e) = cd{Cm,e)- 
On the other hand, basic properties of the index and the exponent of a 
central simple algebra tell us that the functors Cm,e and Cn,e are isomorphic 
via ^ ^ M„/„(yl). ' ' □ 

11.4. Theorem. Let a G H'^{E,'PGhn) be the class of a division algebra A 
of degree n = , where p is a prime. Then cd(a) = n — 1. 



Let X be the Brauer-Severi variety of A. By a theorem of Karpenko |Ki| 
Theorem 2.1] every rational map X X defined over E is necessarily 
dominant. (For a related stronger result, see Merkurjev IM2I Section 7.2].) 
Theorem 111.41 is an easy consequence of this fact; we outline the argument 
below. 

Proof. The function field K = E{X) is a generic splitting field for A; in 
particular, as we pointed out in Example 19.91 cd(a) < n — 1. To prove 
the opposite inequality, assume the contrary: A has a generic splitting field 
L/E of transcendence degree < n — 1. Let y be a variety (defined over E) 
with function field L. Since k{X)/E and K/E are both generic splitting 
fields for a, each is a specialization of the other. Arguing as in the proof 
of Proposition 19.71 we see that there exist rational maps /i : X Y and 
/2 : y ---> X such that the diagram 

^ I / 

A Y > 

X/G 

commutes. Moreover, after replacing Y by the closure of the graph of /2 
in y X X, we may assume that /2 is regular. Now /2 o fi \s a, well defined 
rational map X X, and 

dim /2 o fi{X) < dim(y) < n - 1 = dim(X) , 

contradicting Karpenko's theorem. This concludes the proof of Theorem lll.4[ 

□ 



11.5. Corollary. Suppose n = p^UQ and e = pP , where gcd(p, no) = 1 and 

- 1, if j > 1. 



i > j. Then cd(SL„ //Xg 



Proof. If j = then SL„ ///g = SL„ is special and hence, has canonical 
dimension 0. Thus we only need to consider the case where j > 1. By 
Lemma ^OJ^c), cd(SL„ //ig) = cd(SLpi /fJ-pj). Thus we may also assume 
that no = 1, i.e., n = p*. 
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By Lemma [11.21 cd(SL„//ie) = cd(C„^e)- Since Cn,e is, by definition, a 
subfunctor of i/^(_,PGL„), Example 17.61 tells us that cd(SL„/;Ue) < n — 
1 = — 1. To prove the opposite inequality, let ^ be a division algebra 
of degree and exponent p' (such algebras are known to exist; see, e.g., 
|Rowll Appendix 7C]) and let a be the class of A in H^(E, PGL„). Then by 
Theorem 111.41 cd(SL„ /fi^) ^ cd(a) = n — 1, as desired. □ 

11.6. Corollary. Letn = 2*no, where i > 1 andriQ is odd. T/ien cd(PSp„) = 
2' - 1. 

Here PSp stands for the projective symplectic group. Note that these 
groups are sometimes denoted by the symbol PGSp; see, e.g., |KMRTI p. 
347]. 

Proof. Recall that every a G -fr^(_,PSp„) is represented by a pair {A, a), 
where ^ is a central simple algebra of degree 2n and exponent < 2, and a 
is a symplectic involution on A. A central simple algebra has a symplec- 
tic involution if and only if its exponent is 1 or 2; moreover, a symplectic 
involution of a split algebra is necessarily hyperbolic. In other words, the 
morphism of functors 

H^{-,FSpn) — > Cn,2 , 

given by a I— > j4 is surjective and has trivial kernel. Here Cn,2 is the functor 
of central simple algebras of degree n and exponent dividing 2, as in (|11.H) . 
Thus 

J^nc \ J//^ s by Lcmma^^ j /OT / n by Corollary [11^ j 

cd(PSp„) = cd(C„,2) = cd(SL„/^2) = 2-1, 
as claimed. □ 

12. Orthogonal and Spin groups 

12.1. Lemma, (a) cd(SOn-i) < cd(SO„) for every n > 2. Moreover, equal- 
ity holds if n is even. 

(b) cd(Spin„_^) < cd(Spin„) for every n > 2. Moreover, equality holds if 
n is even. 

(c) cd(SOn) > cd(Spin„) for every n > 2. Moreover, if n > , where 
r > 3 is an integer, then cd(Spin„) > 2^'"^ — 1. 

Proof, (a) The morphism r: H^{-,SOn-i) — > -ff^(-,SO„), sending a qua- 
dratic form q to (1) © g has trivial kernel. Lemma ll().2r b) now tells us that 
cd(SO„_i) < cd(SO„). 

To prove the opposite inequality for n is even, let q = (ai, . . . , a„) G S0„. 
Then q = (ai) q, where q = (1, 0102, . . . , aiOn) lies in the image of r. 
(Note that here we use the assumption that n is even to conclude that q has 
discriminant 1.) Since q and q have the same splitting fields, cd(g) = cd{q). 
On the other hand, since q lies in the image of r. Lemma 110. 2r a) tells 
us that cd{q) < cd(SO„_i). Thus cd(g) < cd(SO„_i) and consequently, 
cd(SOn) < cd(SOn-i), as desired. 
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(b) is proved by the same argument as (a), using the identity cd(Spin„) = 
cd(HW„) of Example llfl .41 The first assertion follows from the fact that r 
restricts to a morphism HW„_i — > HW„. In the proof of the second 
assertion, the key point is that if a quadratic form q = (ai) q, of even 
dimension n, has trivial discriminant and trivial Hasse-Witt invariant then 
so does q; the rest of the argument goes through unchanged. 

(c) The first inequality follows from the fact that HW^ is a subfunctor 
of H^{-,SOn)- To prove the second inequality, note that by part (b) we 
may assume n = 2*". Since the discriminant and the Hasse-Witt invariant 
of an r-fold Pfister form are both trivial for any r > 3, we see that Pf.r is a 
subfunctor of HW^ and thus 

cd(Spin„) = cd(HW„) > cd(Pf^) = 2'^-^ - 1 ; 

see Example 110. 51 □ 



12.2. Example, (a) cd(SO„) = < 



0, if n = 1 or 2, 

1, if n = 3 or 4, 
3, if n = 5 or 6. 

(b) cd(Spin„) = for n = 3, 4, 5 or 6. 

(c) cd(Spin„) = 3 for n = 7, 8, 9 or 10. 

Proof, (a) Note that SOi = {1}, SO3 ^ PGL2, and SOe ^ SU/^i2■ Hence, 
cd(SOi) = 0, and (by Corollary HISI) cd(S03) = 1 and cd(S06) = 3. The 
remaining cases follow from Lemma ll2.ir a). 

(b) In view of Lemma ll2. iT b) . it is enough to show that cd(Sping) = 0. By 



the Arason-Pfister theorem |Laml Theorem 10.3.1], the only 6-dimensional 
form with trivial discriminant and trivial Hasse-Witt invariant is the split 
form. In other words, HWg is the trivial functor and thus 

cd(Spin6) = cd(HW6) = . 

Alternative proof of (b): Exceptional isomorphisms of simply connected 
simple groups tell us that Spin3 ~ SL2, Spin5 ~ Sp4 and Spiug ~ SL4 are 
all special and hence, have canonical dimension 0; cf. Lemma l7.5f c). 

(c) Using the Arason-Pfister theorem once again, we see that every 8- 
dimensional quadratic form with trivial discriminant and trivial Hasse-Witt 
invariant, is a scaled Pfister form; see |Lam| Corollary 10.3.3]. Thus 

cd(Spin7) = cd(Spin8) = cd(GPf3) = 3 ; 

see Example 110.51 On the other hand, by a theorem of Pfister every q € 
HWio is isotropic, i.e., has the form (1, —1) © q', where q' £ HWg; see ^3 
Proof of Satz 14] (cf. also [KMI Theorem 4.4]). 

Applying Lemma 110. 2f a) to the morphism HWg — > HWio given by 
q' — > (1,-1) © q', we see that 

cd{q) = cd(g') < cd(HW8) = cd(Spin8) . 
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This shows that cd(Spin9) = cd(Spinio) ^ cd(Sping) = 3. The opposite 
inequahty is given by Lemma Il2.ir b). □ 

12.3. Proposition. cd(S02m) < "^i"^-^) jgj. g^g^-y 777, > 1. 

Proof. Write S02m = S0((7), where ^ is a non-degenerate quadratic form 
on A;^™. Let X = GiCiso{rn,2m) be the Grassmannian of maximal (i.e., m- 
dimensional) (/-isotropic subspaces of k'^"^, i.e., of m-dimensional subspaces 
contained in the quadric Q C A:^™ given hy q = 0. It is well known that X is 
a projective variety with two irreducible components Xi and X2, each of di- 
mension "^('^~^) • ggg g |GH1 Section 6.1]. Using the Witt Extension The- 
orem (see, e.g., |Laml p. 26]), it is easy to see that the full orthogonal group 
0(g) acts transitively on X and SO{q) acts transitively on each component 
Xi (i = 1,2). Fix an isotropic subspace L £ Xi and let P = Stabso(ij)(-^)- 
By Lemma iT.Sf a). with G = SO{q) and H = P, we have 

cd(S02„^) < cd(P) + dim(S02r„) - dim(P) = 

cd(P) + dim(Xi) = cd(P) + . 

It remains to show that cd(P) = 0. We claim that the Levi subgroup of 
P is naturally isomorphic to GL(L) ~ GL^ via /: P — > GL(L), where 
fis) = 9\L- Once this claim is established. Example 110.11 tells us that 
cd(P) = cd(GLm) = 0. (The last equality follows from the fact that GL^ 
is special.) 

To prove the claim, note that by the Witt Extension Theorem, / is a 
surjective homomorphism. It remains to show that Ker(/) is unipotent. 
Indeed, choose a basis ei, . . . , e2m of k'^^ so that 

q{xiei H h X2 

and L is the span of ei, . . . , Cm- Then every g G Ker(/) has the form 



(12.4) g 



0„ B 



for some m x m-matrices A and B. (Here Om and Im are, respectively, 
the zero and the identity m x m-matrices.) The condition that g G 0{q) 
translates into 

f-in r\ „ ( Om I'm \ Transpose _ ( Om In 

u^-oj g [ J 01^ ~ \ I o 

Substituting (|12.4|) into (|12.5)) . we see that B = Im- Formula (|12.4|) now 
shows that g is unipotent; consequently, Ker(/) is a unipotent group, as 
claimed. □ 

12.6. Conjecture. cd(S02m-i) = cd(S02m.) = for every m > 1. 

12.7. Remark. Conjecture 112.61 was recently proved by Karpenko IK2I ; for 
an alternative proof due to Vishik, see |Vj . 



CANONICAL DIMENSION, OCTOBER 26, 04 



31 



13. Groups of low canonical dimension 

13.1. Theorem. Assume that G is simple. Then cd(G) = 1 if and only if 
G ~ SL2m / ^J'2 or PSp2m, where m is an odd integer. 

Proof. First of all, observe that if G ~ SL2m / f^2 or PSp2m, with m odd, 
then indeed, cd(G) = 1; see Corollary 111.51 and Corollary 111.61 Thus we 
only need to show that no other simple group has this property. Our proof 
relies on the classification of simple algebraic groups; cf., e.g., |KMRT>. §24 
and 25]. (Note that jKMHTj uses the symbols 0+ and PGSp instead of SO 
and PSp. Recall also that we are working oyer an algebraically closed base 
field k of characteristic zero.) We begin by observing that cd(G) > 2 for 
every simple group of exceptional type; see Examples 18.51 and [TUTTI 

Now suppose cd(G) = 1 and G is of type A. Then G ~ SL„ //ie, where 
e divides n. Let p be a prime dividing e. Then we can write e = p'eo and 
n = p'^uq, where i > j > I, and gcd(p, eo) = gcd(p, no) = 1. Then 

by Lcmina |ll.3l a'l by Corollarv lll.5l 

l = cd(G) > SLp./fip, > p'-l, 

which is only possible if p = 2 and i = 1. This implies that e cannot be 
divisible by 4 or by any prime p > 3; in other words, e = lor2. Ife = l 
then G = SL„ is special and thus cd(G) =0. If e = 2 then i = 1 implies 
that n = 2 (mod 4), as claimed. 

Next suppose G is of type C. Then G is isomorphic to Sp2m. o^' ^^P2m,- 
The groups Sp2m special and thus have canonical dimension 0. By 
Corollarv 111.61 cd(PSp2m) = 1 if and only if m is odd. This completes the 
proof of Theorem 113.11 for groups of type A or G. 

Now suppose G is of type B or D. We have already considered some of 
these groups. In particular, 

• cd(SOn) > cd(S05) = 3 for any n > 5 (see Lemma 112. If a) and 
Example iniSta)), 

• cd(PS02n) > cd(S02n) > 3 for any n > 3 (see Example 110.3|) . 

• cd(Spin„) = for n = 3,4,5,6 (see Example 11 2 . 2r bl ) . and 

• cd(Spin„) > cd(Spiny) = 3 for any n > 7 (see Lemma 112.11 and 
Example iniSIc)). 

We also remark that SO2 — Gm and SO4 ~ (SL2 x SL2)//i2 are not 
simple, and SO3 ~ PGL2 = SL2 / ^2 was considered above. 

This covers every simple group of type B; the only simple groups of type 
D we have not yet considered are G = SpinJ^ (n > 2); cf., e.g., [KMRTl 
Theorems 25.10 and 25.12]. The natural projection vr: Spin4^ — > S04n 
factors through Spin^^: 

vr: Spin4„ Spin4^ — > SO^n ■ 
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Since vr* : Spin4„) — > H^{^,S04n) has trivial kernel (see Exam- 

Dle inni) . so does /* : //^C-, Spin4„) — > Spin^„). Now for any n > 2, 

by Lcmma |lQ.2l b'l by Lcmma |l2. If bl ExamDlc ll2.2t c1 

cd(Spin4„) > cd(Spin4„) > cd(Sping) = 3 . 

This completes the proof of Theorem 113. 11 □ 

13.2. Remark. The above argument also shows that if a simple classical 
group G has canonical dimension 2 then either (i) G ~ SLsm/z^s, where m 
is prime to 3 or possibly (ii) G ~ SLgm /fJ-e, where m is prime to 6. In case 
(i), we know that cd(G) = cd(PGL3) = 2; see Corollarv 111.51 In case (ii), 
cd(G) = cd(PGL6) (see Corollarv lll.3r c)): we do not know whether this 
number is 2 or 3. 



14. The functor of orbits and homogeneous forms 

We now briefly recall the definition of essential dimension of a functor, 
due to Merkurjev |Mi| . 

Let .7-" be a functor from the category of all field extensions K k to 
the category of sets. (For our purposes, it is sufficient to consider only 
finitely generated extensions K/k.) Given a G J-{K), we define ed(a) as 
the minimal value of trdegj;.(-fCo)) where k C Kq C K and a lies in the image 
of the natural map J-{Kq) — > T{K). The essential dimension ed(.F) of 
the functor T is then defined as the maximal value of ed(a), as a ranges 
over J-{K) and K ranges over all field extensions of k. In the special case, 
where G is an algebraic group and J- = H^{-,G) we recover the numbers 
defined in Section \2A\ ed(a) = ed{X,G), where a S H^{K,G) and X is a 
generically free G-variety representing a. Moreover, ed{H^{-,G)) = ed(G). 
For details, see IBF2I . 

Now to each G-variety X we will associate the functor Orbx,G given by 
Orbx,G(-^^) = ^{L)/ ~, where a ~ 5 for a,b £ X{L), \i a = g ■ h for some 
g G G{L). Given an L-point a £ X{L), we shall denote a (mod ~) by 
[a] G Orbx,G(-^^)- Using this terminology. Definition 13. 51 can be rewritten as 
follows. 

14.1. Proposition, ed [r/] = cd(X, G) + dimX/G, where rj G X{k{X)) is 
the generic point of X. 

Proof. Let y be a variety with function field k{Y) = L. Then z G X{L) may 
be viewed as a rational map (j)z '■ Y X and g G G(L) as a rational map 
fg : Y — -> G. The point g - z oi X{L) corresponds to the map F^^g : Y — ■>■ X 
given by Fz^g{y) = fg{y) ■ (pziv)- Consequently, the definition of ed[z] can 
be rewritten as 

(14.2) ed [z] = min { trdeg^ A:(F,,g(y)) } . 

g€G(L) 

Now set z = T], L = k{X), Y = X, and (p = idx- The element g G 
G(L) is then a rational map f = fg-. X — -> G, F = Fz^g: X X is, by 
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definition, a canonical form map (see Definition and the proposition 
follows from (|14.2)) and Definition 13.51 □ 

14.3. Remark. By the definition of ed(Orbx,G)) we have 

ed{Orhx,G) ^ ed [r]] . 

We do not know whether or not equality holds in general. 

For the rest of this paper we will focus on the following example. Let 

N = (^^'^~^^ and let X = be the space of degree d forms in n 

variables x = {xi, . . . , That is, elements of are forms p{xi, . . . , Xn) 
of degree d and elements of are hypersurfaces p{xi, . . . , x^) = 0. The 

generic point of A^ is the "general" degree d form in n variables as 

ilH \-in=d 

where ai^^,,,^i^ are independent variables, K = k{k^) is the field these vari- 
ables generate over k. Then 

(14.4) ed[(/)„,d]= min trdeg^ /c(6ii,...,ijii H h i„ = d) , 

geGL,i (iiT) 



where 



U> 1 • • • lIj ^ 



iiA \-in=d 

The generic point of P^^^ is the "general" degree d hypersurface (t)n,d{x) 
in ¥^~^{K), which we denote by ^^n,d- 

14.5. Lemma. Let = ( ^ ^ ^1 and 



d 

D = dim(A^/GL„) = dim(P^-V PGL„) = dim(A^/(G„ x GL„)) . 

(Here Gm acts on by scalar multiplication.) Then 

(a) ed = D + cd(A^,GL„). 

(b) ed[/7„,d] =Z) + cd(P^-i,GL„) = L) + cd(P^-i,PGL„) = 

= D + cd(A^,G„ X GL„). 

Proof. Part (a) and the first equality in part (b) are immediate consequences 
of Proposition 114. ll To complete the proof of (b), note that 

cd(P^-\GL„) = cd(P^~\PGL„) 

by Lemma l4.1()r b). and 

cd(P^~\GL„) = cd(A^,G„ x GL„) 

by Proposition KTT\ fwith = x {1}). □ 
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14.6. Corollary. Let K = k{A^) (as above) and Kq = k{F^). Given 
g G GL(K), let Fg be the field extension of k generated by elements of the 
form 

bi 



b 



where (/)„,d(c/ ■ x) = ^ ^n,...,j„a;*/ . . . < 



and ii, . . . ,in,ji, ■ ■ ■ ,jn > satisfy ii + ■ ■ ■ + in = ji + ■ ■ ■ + jn = d and 
K,-,jn + 0. Then 

ed[i?„,d]= mill trdegfc(Fg) = min trdegfc(Fg) . 
geGL„(_ft:o) gGGL„{_ft") 

Proof. The first equality is an immediate consequence of the definition of 
ed[Hn,d]- To prove the second equality, we use the identity ed[Hn,d\ = 
D + cd(A^, Grn X GL„) of Lemma [T131 Proposition Um now tells us that 

ed [Hn^d] = min trdegfc(c6ii....,i„ | ii H \- i^ = d) . 

The minimum is clearly attained if c = bj^ j^, for some (and thus any) 
ji, . . . ,jn such that 7^ 0) and the corollary follows. □ 

In view of ()14.4|) , it is natural to think of ed [4>n,d\ as the minimal number 
of independent parameters required to define the general form of degree d in 
n variables. Corollarv 114.61 savs that ed[Hn^d] can be similarly interpreted 
as the minimal number of independent parameters required to define the 
general degree d hypersurface in P*^"^. Comparing the expressions for these 
numbers given by (|14.4|) and Corollary 114.61 we see that they are closely 
related. 

14.7. Corollary, ed [Hn,d] < ed [0„,d] < ed [Hn,d] + 1. □ 

14.8. Remark. Lemma Il4.5r b) shows that the number ed[Hn^d\ is the es- 
sential dimension of the generic form (j)n,d in the sense of |BFi| , i.e., the 
essential dimension of the Gm x GL„-orbit of the generic point of A^. Note 
that the emphasis in |BFi| is on the essential dimension of the functor 
Hypersurfaces„ ,^ = Orb^iv^c^xGLn (which is denoted there by J^d,n), and, 
more specifically, on the functor Hypersurfaces3 3 (which is denoted there 
by Cubs). As we pointed out in Remark 114.31 ed(Hypersurfaces„ ^) > 
ed [Hn^d] but we do not know whether or not equality holds. 

15. Essential dimensions of homogeneous forms I 

15.1. Theorem. Let n and d be positive integers such that d > 3 and (n, d) 7^ 
(2,3), (2,4) or (3,3). Then 

ed [Hn,d\ = N -n^ + cd(GL„ //i^) = N - + cd(SL„ /^gcd(n,d)) , 



where N 



n + d-l 
d 
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Proof. First observe that by Lemma ril.2[ cd(GL„ /fid) = cd(SL„ / fJ-gcd{n,d))i 
so only the first equality needs to be proved. 

Secondly, under our assumption on n and d, the PGL„-action on P^-i is 
generically free. For n = 2 this is classically known (cf., e.g., |PVl p. 231]), 



for n = 3, this is proved in [Bj and for n > 4 in |MMj . Substituting 
D = dim(P^-VPGL„) = dim(P^-i) - dim(PGL„) = N - r? 
into Lemma Il4.5r bl. we reduce the theorem to the identity 

(15.2) cd(A^, G™ X GL„) = cd(GL„ //i^) . 
To prove ()15.2|) . observe that the normal subgroup 

Gffi X Gm C Gm X GLjj 

acts trivially on A^. Since S is special, we have 

(15.3) cd(A^, G„ X GL„) l^™^™*^) 
cd(A^, (G^ X GL„)/5) °^'^^"°"'^cd((G^ x GL„)/5) , 

where the last equality is a consequence of the fact that the PGL„-action 
on p^-i (and hence, the (Gm x GLn)/^- action on A^) is generically free. 

Finally, consider the homomorphism GL^ — > (Gm x GLn)/S given by 
g 1—^ (1, g), modulo S. Since we are working over an algebraically closed field 
k of characteristic zero, this homomorphism is surjective, and its kernel is 
exactly fid- Thus (Gm x GL„)/5 ~ GL„//irf. Combining this with (|15.3|) . 
we obtain ((TS21)- □ 

The results of Section can now be used to determine ed [Hn,d\ for 
many values of n and d (and produce estimates for others). In particular, 
combining Theorem 115.11 with Corollarv lll.5| we deduce Theorem ll.ll stated 
in the Introduction. 

The number ed appears to be harder to compute than ed[ff„^d]. 

By Corollary \\AJ\ ed [4>n,d] = ed [Hn,d] or ed [(t)n,d] = ed + 1, but for 

general n and d, we do not know which of these cases occurs. One notable 
exception is the case where n and d are relatively prime. 

15.4. Corollary. Suppose d>3, gcd(n, d) = 1 and {n,d) ^ (2,3). Then 

( a) ed [Hn,d] = (^^'^ - n? and 

(b) ed[<P^,d] = (^''^j~^^ -n2 + l. 

Proof. Part (a) is a special case of Theorem ll.il (with j = 0). We can also 
deduce it directly from Theorem ll5.1l bv noting that SL„ is a special group 
and thus cd(SLn) = 0. 

(b) In view of Corollary 114.71 we only need to prove that ed [<pn,d] ^ 
ed[Hn^d] + 1 or equivalently, cd(A^,GL„) > 1; see Lemma [14. sr a). Recall 
that the central subgroup Hd of GL„ acts trivially on A^, and (under our 
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assumptions on n and d) the induced GL^ / /x^-action is generically free. 
Thus the stabihzer in general position for the GL„-action on is /x^, and 

^ ^ A A' r-T PropositionESc) by US) Theorem 6.2] 

cd(A'\GL„) > ed(;Ud) = 1, 

as claimed. □ 

15.5. Remark. We have proved that if n and d are relatively prime then 
cd(P^"\GL„) = but cd(A^,GL„) = 1. In particular, this shows that 
the equality cd(X, G) = cd{X/H,G) of Proposition gH] fails for X = A^, 
G = GL„ and H = Gm- Note that Proposition 14.111 does not apply in this 
situation because the i^-action on X is not generically free (the subgroup 
fid acts trivially). 

16. Essential dimensions of homogeneous forms II 

In this section we will study ed [(j)n,d\ and ed [i^n.d] for the pairs (n, d) not 
covered by Theorem 115. 11 We begin with a simple lemma. 

16.1. Lemma, ed [-^2,^] < d — 2 for any d > 3. 

In the sequel we will only need this lemma for d = 3 and 4. For n > 5, 
Theorem ll.il (with n = 2) gives a stronger result, namely. 



ed [H; 



24 



d — 2 if d is even, 
d — 3 if d is odd. 



However, the proof of the lemma below is valid for any d > 3. 
Proof. The linear transformation g £ GL2(i^) given by 

Xi I— > Xi , X2 >—>■ X2 

reduces the generic binary form 

4>2,d{xi,X2) = adflxf + ad-i,ixf~'^X2 H h 00,^X3 

to 

4'2,di9 ■ ixi,X2)) = bdfixf + bd-2,2xf~'^xl H h bi^d-ixix^'^ + 60,^X2 

for some bi^d-i & K = k{aQ^d, ■ ■ ■ , 0^,0) • Composing this linear transforma- 
tion with 

bo,d 

Xi 1-^ ■ Xi , X2 ^ X2 

bi,d-i 

(and, by abuse of notation, denoting the composition by g once again), we 
may further assume = 6o,cZ- The field Fg = k^bi^d-i/bo^ = ^1 ■ ■ ■ ^d), 

defined in the statement of Corollary 114.61 now has transcendence degree 
<d-2. By Corollary UlSl we conclude that ed [H24] <n-2. □ 

We are now ready to proceed with the main result of this section. 
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16.2. Proposition, (a) ed [(/)„,, i] = ed [Hn,i] = 0. 
(h) ed [(l)n,2\ = n and ed [i^n,2] = f^ — 1. 

(c) ed [(/)2,3] = 2 and ed [^2,3] = 1- 

(d) ed [^2,4] = 3 and ed [-^2,4] = 2. 

(e) ed [773,3] = 3. 

We do not know whether ed [03,3] is 3 or 4. 

Proof, (a) A linear form /(xi, . . . , x„) over K can be reduced to just xi by 
applying a linear transformation g G GL„(i('). Thus ed [4>n,i\ = ed [Hn^i] = 
0. 

(b) Here d = 2, N = n{n + l)/2, and elements of are quadratic forms 
in n variables. Diagonalizing the generic quadratic form (pn,2 over K, we 
see that ed [(/>n,2] < n and ed [i7n,2] < re — 1- In view of Corollary (|14.7() it 
suffices to show that ed [(/>n,2] = n. 

The GL„-action on has a dense orbit, consisting of non-singular forms. 
In particular, D = dim(A^/GL„) = 0, so that by Lemma Il4.5r a) 

ed[ct)n,2]=cd{A^,GLn). 

Since the stabilizer of a non-singular form is the orthogonal group O^, A^ 
is birationally G-equivariantly isomorphic to GL,„ / 0„. Thus 

ed [0„,2] = cd(A^, GL„) = cd(GL„ / 0„, GL^ coroiw^Eirb) 

i/r\ \ by 1^ Theorem 10.3] 

ed(0„) = n. 

This completes the proof of part (b). 

(c) By Lemma II6.II ed [-^2,3] ^ 1- Thus in view of Corollarv 114.71 we 
only need to show that ed [02.3] ^ 2. 

Here = 4, and the GL2-action on A^ has a dense orbit consisting of 
binary cubic forms with three distinct roots. Applying Lemma [l4.5r al. with 
D = dim(A'^/ GL2) = 0, as in part (b), we obtain 

ed [cA2,3] = cd(A^ GL2) = cd(GL2 /S, GU) ed(5) , 

where S C GL2 is the stabilizer of a binary cubic form with three roots, say 
of + y^. Note that S is a finite group and that matrices that multiply x 
and y by third roots of unity form a subgroup of S isomorphic to (Z/3Z)^. 
Thus ed(5) > ed(Z/3Z)2 = 2 (cf. [BRI Lemma 4.1(a) and Theorem 6.1]), 
as desired. 

(d) By Lemma II6. 11 ed [-^2,4] ^ 2. In view of Corollarv 114.71 it remains 
to prove the inequality ed [(j)2,4] > 3. Note that since the invariant field 
A;(A^)^^2 is generated by one element (namely, the cross-ratio of the four 
roots of the quartic binary form), we have D = dim(A^/GL2) = 1. Thus 
we only need to show that 

(16.3) cd(A^GL2)>2. 
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Let S be the stabilizer of / E (i-e., of a degree 4 binary form) in general 
position. By Proposition ESfc), 

cd(A^GL2) >ed(5). 

To compute ed(S'), recall that the stabilizer of / in PGL2 is isomorphic to 
(Z/2Z)^; cf. e.g., |PV| p. 231]. It is now easy to see that S fits into the 
sequence 

{1} — > Z/4Z — > S — > {Z/2Zf — > {1} . 

In particular, S" is a finite group which admits a surjective homomorphism 
onto (Z/2Z)^. Thus S is neither cyclic nor odd dihedral and consequently, 
ed(S') > 2; see |BR,| Theorem 6.2(a)]. This concludes the proof of 
and thus of part (d). For the sake of completeness, we remark that since S 
is a finite subgroup of GL2, we also have ed(/S') < 2 and thus ed{S) = 2. 

(e) Here = 10, and the rational quotient P^/ GL3 is the j-line, so that 
D = dim P^/ GL3 = 1. Thus we only need to show 

(16.4) cd(P^GL3) = 2. 

An element of P^ (i-e-, a plane cubic curve) in general position can be written 
as Fx = x'^+y^+z^+SXxyz. Denote the stabilizer of Fx by C GL3. We will 
deduce (jl6.4|) from Gorollarv l6.2r b). Indeed, let be the normalizer of S in 
GL3. Since GL3 is a special group, e(GL3,5) = ed(5'), e(GL3,A^) = ed(A^) 
(see Lemma l5.4r cl). and Corollary ES^b) assumes the following form: 

ed{S) < cd(P^ GL3) < ed(iV) - dim(S) + dim(iV) . 

Let S and be the images of S and N in PGL3, under the natural projection 
GL3 — > PGL3. Note that 5* is a finite group (this follows from the fact that 
D = dim P^/ PGL3 = 1). In particular, dim(S') = 1. It thus suffices to show: 

(ei) ed(5) > 2, 

(e2) is a finite subgroup of PGL3 (and consequently, dim(A^) = 1). 
(eg) ed(Ar) < 2. 

The inequality (ei) is a consequence of |RYi| Corollary 7.3], with G = S 
and 

(16.5) H = <diag(l, C, C^),(t> ~ {Z/3Zf , 

where a is a cyclic permutation of the variables x, y, z, and C is a primitive 
third root of unity. (Note that |RYi| Corollary 7.3] applies because S has 
no non-trivial unipotent elements, and the centralizer of in is finite.) 

To prove (e2), note that A'^ is the normalizer of S in PGL„. The natural 
3-dimensional representation of 5 C GL3 is irreducible (to see this, restrict 
to the subgroup H oi S defined in 1)16. 5|) ). Hence, by Schur's lemma, the 
centralizer Cpgl^S) = {1}, so that N = A^pgl„(5)/Cpgl„(5). The last 
group is naturally isomorphic to a subgroup of Aut(S'), which is a finite 
group. This proves (e2). 
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To prove (ea), consider the natural representation of C GL3 on A'^. 
(62) implies that this representation is generically free; cf. |BFil Section 1]. 
Consequently, ed(iV) < 3 - dim(iV) = 2. 

This completes the proof of part (e). □ 
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